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1. INTRODUCTION 
At the very heart of block theory is the Brauer correspondence, associating 
blocks of a group to blocks of appropriate subgroups. It can be described in 
terms of central characters or in terms of a homomorphism between centers 
of group algebras. To complement these character-theoretic and ring-theoretic 
definitions we present a purely module-theoretic description of the Brauer 
correspondence. 
We fix a finite group G and an algebraically closed field F of prime charac- 
teristic p. The group algebra of G over F is denoted by F[G] and all F[Gj- 
modules are implicitly assumed to be right modules and finitely generated. 
The algebra F[Gj has a unique algebra decomposition into a direct sum of 
indecomposable algebras, the blocks of G. If B is a block of G then it can be 
regarded as an F[G x q-module by setting t(gl , ga) = g;‘tga for g, , g, in G 
and t in B and as such it is an indecomposable F[G x G]-module. If H is a 
subgroup of G, b is a block of H, and there is a block of G corresponding to b 
under the Brauer correspondence, then it is denoted as usual by bG. We may 
now state our main result. 
THEOREM Let Q be a p-subgroup of G and H be a subgroup of G with 
QC(Q) < H < N(Q). If b and B are blocks of H and G, respectively, then 
bG = B if, and only if, b as an F[H x H]-module is isomorphic with a direct 
summand of the restriction to H x H of the F[G x G]-module B. 
The special case of this result which occurs when H = N(Q) and Q = D 
is the defect group of B was discussed by Srinivasan 131. We modify her 
arguments slightly in obtaining half of our result but we need other methods 
for the remainder of the proof. These arguments are not module-theoretic 
but involve other ideas; it would be nice to have a more direct approach, In 
particular, if G, H, and b are as in the theorem, then it would be interesting 
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to have a direct argument that there is a unique block B of G such that b, as an 
F[H x HJ-module, is a summand of the restriction of B to H x H. 
The rest of this paper is divided into two sections, the first of which contains 
preliminary results on direct products and the second of which contains the 
proof of the theorem. 
2. DIRECT PRODUCTS 
We establish some easy preliminary results on the block structure of direct 
products. Let X and Y be groups and identify F[X x YJ with F[X] @,F[Y] 
as usual. 
LEMMA 1. Each block of F[X x Y] is the tensor product of a block of F[X] 
and a block of F[YJ. 
Thus,ifF[X]=B,~B,@~~*~B,andF[Y]=C,~C,@~~~@C,are 
the decomposition into blocks, then the tensor products Bi @ Cj are the blocks 
of F[X x Y]. Certainly these products are summands of F[X x YJ, so it 
suffices to show that these summands do not decompose. Hence, it is enough 
to prove that X x Y has at most mn blocks. However, the description of blocks 
in terms of congruences of central characters shows that if acr and 0~s are 
irreducible characters of X in the same block and & and ,& are irreducible 
characters of Y in the same block then a1 @ ,8r and 01s @ 8s are in the same 
block of X x Y. This proves the lemma. 
Now let Q and R be p-subgroups of X and Y, respectively, and let L and M 
be subgroups of X and Y, respectively, with QC(Q) <L < N(Q) and 
RC(R) ,( M < N(R) so that it follows that (Q x R) C,,,(Q x R) <L x M < 
Nxxy(Q x R). Now we can state the next result. 
LEMMA 2. If b and c are blocks of L and M, respectively, then 
bX @ cy = (6 @ c)*Xy. 
Let e and f be the central idempotents of F[X] and F[Y] corresponding 
to bX and cy, respectively. Let /$-to) , ,6etR) , and &to,xccR~ be the Brauer 
homomorphisms from the centers of F[XJ, F[ Y], and F[X x Y] into the centers 
of F[L], F[M], and F[L x MJ, respectively. The definition of the Brauer homo- 
morphism clearly gives that 
the lemma now follows immediately. 
The linear transformation of F[Xj which inverts elements of X is an anti- 
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automorphism of the algebra F[X] and so maps any block B of X into another 
block B* of X, the dual of B. 
LEMMA 3. If B is a block of X, then B, as an F[X >< Xl-module, lies in 
the block B* @ B of X x X. 
If e and e* are the primitive central idempotents belonging to B and B*, 
then B . e* @ e = eBe, where the first product is for the F[X x Xl-module B 
and the second is in the algebra F[X]. But eBe = B, so the lemma is established. 
3. PROOF OF THE THEOREM 
First, we assume that bG = B and we derive the desired decomposition. 
If E is the primitive central idempotent of F[G] corresponding to B, then 
E=e+r+s, 
where e is a central idempotent of F[H]-the image of E under the Brauer 
homomorphism and a linear combination of elements of C(Q)-r is a linear 
combination of elements of H not in C(Q) and s is a linear combination of 
elements of G not in H. Since bG = B, b is a direct summand of F[H]e so 
that it suffices to show that F[H] e is a direct summand of the restriction of B 
to H x H. However, by Srinivasan’s argument [3], it is enough to show that 
er is in the radical of F[H]; hence, it is enough to prove that r is in the radical 
of F[H]. 
However, let h be in H and not in C(Q). Thus, the number of conjugates 
of h by elements of Q is a positive power of p. All such conjugates have the 
same action on any irreducible F[H]-module, since Q acts trivially. Hence, 
the sum of all of these conjugates annihilates every irreducible F[H]-module 
and so is in the radical of F[H]. But since E is central, it follows immediately 
that r is a linear combination of such sums and so is also in the radical. 
Before proceeding with the rest of the proof, we introduce one standard 
notation: If X is any group, then 6X is the subgroup of the direct product 
X >( X consisting of all the elements (x, x) for x in X. 
Now assume that b, as an F[H x HI-module is a direct summand of the 
restriction to H x H of the F[G x G]-module B; we must show that bC = B. 
Since 6 is a block of H, it has a defect group d with H > d 3 Q. Therefore, 
by a result of Green [I], the F[H x HJ-module b has vertex 6d. 
If we set N = N HXH(8Q) then H x H > N > Sd > SQ. Hence, from the 
theory of the Green correspondence, there is an indecomposable F[N]-module U 
with vertex 6d such that U is a summand of the restriction b,” of theF[H x HI- 
module b to N. But, by Nagao’s theorem [2], every indecomposable summand of 
bN has vertex not containing SQ or belongs to a block of N which corresponds, 
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under the Brauer correspondence, to the block of H x H to which the 
F[H x HJ-module b belongs. However, 6d > SQ, so the block of U corre- 
sponds to b* @ b, by Lemma 3. 
However, H > C(Q), so N = NHXH(8Q) 3 C(Q) x C(Q) = C,,,(SQ) and 
so NCXG(8Q) >, N 2 C,,,(SQ) SQ. But U is a summand of the module B, , 
inasmuch as U is a summand of b, and b is a summand of BHXH . Again by 
Nagao’s theorem, since Sd 2 SQ, the block to which U belongs corresponds, 
under the Brauer correspondence, to the block of B, as an F[G x G]-module, 
namely, B* @ B, by Lemma 3. 
However, the Brauer correspondence from N to G x G is the composition 
of the Brauer correspondences from N to H x H and from H x H to G x G. 
Therefore, 6* @ b corresponds to B* @ B. Lemmas 1 and 2 now yield that 
bG = B and the proof is complete. 
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